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The physical properties of metals are often given by the sum of the contributions from the electrons
consisting the Fermi surface (FS), and therefore, fine structures of the electronic bands and Bloch func-
tions are often masked by the integral over FS. As a consequence, usually, the singular structures in the
electronic bands are often not reflected to the macroscopic quantities. In this work, we investigate the
anomaly-related magnetoresistance in metals with type-II Weyl nodes close to the FS, and find that the
anomaly-related current increases divergently, showing a singular structure. Detailed analysis on a simple
model with multiple Weyl nodes shows that the contribution to the magnetoresistance is dominated by the
electrons in the vicinity of the Weyl nodes; this is related to the fact that the current is given by the square
of the Berry curvature, which enhances the contribution from the electrons around the Weyl nodes. The
above results potentially allows an estimate of the anomaly-induced current without precise information
of the entire Band structure.
Introduction — In the quantum theory of solids, the
physical properties of metals are often given by the sum of
contributions from the electrons consisting the Fermi sur-
face (FS) or the electrons inside it. For instance, electronic
specific heat and longitudinal conductivity are related to
the density of states at the FS. This aspect of the physical
properties of the metals often masks the fine structure of
the electronic bands, and therefore, the fine structures are
difficult to be observed.
The properties related to Berry curvature bp is also often
given by the integral over the Fermi volume or FS. For ex-
ample, the Hall conductivity is related to the sum of Berry
curvature of the Fermi volume [1, 2]. Nevertheless, it was
pointed out that the anomalous Hall effect is sensitive to
the band crossings where the bp is enhanced singularly; the
temperature and Fermi energy dependence of the Hall con-
ductivity in several oxides is interpreted as a consequence
of the distribution of Berry curvature [3, 4]. However, it is
given by the integral of bp over the Fermi volume or Fermi
surface, which often weaken the singular nature of bp.
On the other hand, recently, it was pointed out that
the Berry curvature also contributes to nonlinear re-
sponses, such as photocurrent [5–7], second-harmonic gen-
eration [6, 8], and in linear [9, 10] and quadratic [11]
magnetoresistance (MR); these phenomena are poten-
tially relevant to transport phenomena in Weyl semimetals
(WSM) [12–18], which are studied extensively in material-
based calculations [19, 20] and in experiments [21–28].
The theoretical formula given in many of the theoretical
proposals are also related to some form of the integrals of
bk. Therefore, the above argument is expected to hold for
these phenomena. On the other hand, the leading order in
the quadratic MR is proportional to the sum of the square of
the Berry curvature [11, 29, 30]. Therefore, the MR may
reflect the singular structure of the Berry curvature even
when the Weyl nodes are part of a large Fermi surface, i.e.,
in type-II WSM [31].
In this work, we discuss that response coefficients re-
lated to the Berry curvature on FS generally induce a sin-
gular structure when the response is related to square or a
higher power of bp. The argument is based on a semiclas-
sical Boltzmann theory [32, 33]. As an example, we revisit
the Weyl Hamiltonian with tilting and a metal with two
type-II Weyl nodes, and study the longitudinal MR which
was recently studied by different methods [9, 31, 34]. We
find that, in the semiclassical limit, the magnetic-field in-
duced current increases as the chemical potential µ ap-
proaches the Weyl node even for the metals; the current
is proportional to µ−2 near the nodes. We also find that the
magnetic-field-induced current in type-II WSM can be en-
hanced by the tilting, possibly become more than an order
of magnitude larger than the type-I WSM with a similar
velocity.
Semiclassical theory — A semiclassical approach to
study the chiral anomaly and related transport phenom-
ena was recently proposed [11], and was extended to more
general cases, including weak-localization [35] and exten-
tion to general Hamiltonian [36, 37]. In this work, how-
ever, we take a slightly different approach using a re-
cently introduced formula for the response in the order of
O(EB2) [30]:
J
(2)
b =− e4τ
∫
dp3
(2pi)3
[Wp(E ·Wp)] (f0p)′, (1)
where e < 0 is the electron charge, τ is the relaxation
time, vp is the velocit of electrons with momentum p, and
Wp ≡ bp × (vp ×B). The formula in Eq. 1 corresponds
to expanding the phase-space volume factorD ≡ (1−eB ·
bp)
−1 in the frequently used formula [35–37] with respect
toB.
Equation (1) shows that the Berry-phase contribution
(anomaly-related contribution) to the longitudinal magne-
toresistance (MR) is always negative MR. Suppose we ap-
ply the electric field along eˆ (E = Eeˆ) and measure the
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FIG. 1. (Color online) Electronic structure of type-II Weyl
fermion. (a) Fermi surface around type-II Weyl node (shown
in shaded surfaces). The sphere at the center is the Weyl node
and the arrow indicates δk. (b) Plot of fab(α, β = 1) with
respect to α = vz/v0; the magnetoconductivity reads Ja ∝
v30fab(vz/v0, v⊥/v0)EaB2b /µ
2 (a, b = x, z); here, z is the di-
rection of the tilting.
current along the same direction. Then the current reads
eˆ · J (2)b =− e4τE
∫
dp3
(2pi)3
(eˆ ·Wp)2 (f0p)′ > 0, (2)
indicating that the current is always zero or positive along
the direction of E. Another interesting aspect is that the
contribution from the electrons with momentum p is pro-
portional to W 2p ∼ b2p. For the electrons close to a Weyl
node, this implies W 2p ∼ δk−4 where δk ≡ k − kW
and kW is the location of the Weyl node [See Fig. 1(a)].
Therefore, the contribution to the MR decays rapidly with
increasing |δk|.
To be more quantitative, we consider a generalized type-
II Weyl Hamiltonian H = R0(p) +
∑
a=x,y,z Ra(p)σ
a
where R0 and Ra are a power series of pa and∑
a=x,y,z R
2
a(p) = 0 only at p = 0; in the below, we call
the bands with eigenenergy εp± = R0±
√
R2x +R
2
y +R
2
z
as ± bands. We further assume that, using the polar
coordinate, the Fermi surface of this model is given by
(p, θ±(p, φ), φ) where θ±(p, φ) is a single-valued function
that determines the Fermi surface of the + and - bands and
θ+(p, φ) > θ−(p, φ). This essentially assumes the tilt-
ing is along z axis and the energy monotonically increases
about pz, and the two bands has one Fermi surface which
extends to p → ∞. Then, an integral of a function F (p)
over the Fermi surface reads∫
dp3
(2pi)3
F±(p)δ(εp± − µ)
∝
∫
dpdφ
pF±(p)
|nθ · vp±|
∣∣∣∣
θ=θ±(p,φ)
, (3)
where nθ is a unit vector along the θ axis. Assuming
εp± ∝ pη˜ and F±(p) ∝ p−a˜ at p → ∞, the integrand
become ∝ p2−a˜−η˜ g±(θ, φ)|θ=θ±(p,φ), where g is a func-
tion of θ and φ. Hence, the p  1 part of the integral in
Eq. (3) converges when a˜ > 3 − η˜; this implies that the
contribution from p  1 part only have a limited contri-
bution. Similarly, if εp± ∝ pη and F±(p) ∝ p−a when
p  1, the p  1 part of the integral diverges when
a > 3 − η if the Fermi level is at the node; the integral
remain finite when the Fermi level is away from the node
and diverges as it approach the node. In case of the type-II
Weyl node, εp± ∝ p and bp± ∝ p−2 for both p  1 and
p  1. Therefore, for Eq. (1), F (k) ∝ k−4 and satisfies
4 = a > 3 − η = 2. On the other hand, if a response is
linearly proportional to bp±, then a = 2 and it implies the
contribution away from the nodes are also important. This
argument is consistent with the previous theoretical results
on the MR which discovered that the behavior of MR con-
nects smoothly across the phase transition between type-I
and type-II WSM [9].
Tilted Hamiltonian — We first consider a type-II Weyl
Hamiltonian
HW2 = v⊥kxσ
x + v⊥kyσ
y + vzkzσ
z + v0kzσ
0, (4)
where σa (a = x, y, z) is the Pauli matrices and σ0 ≡
diag(1, 1) is the 2× 2 unit matrix. By applying Eq. 1, the
current induced by the longitudinal magnetic field along a
axis reads
Ja =
σ0v
3
0
µ2
fab(vz/v0, v⊥/v0)EaB
2
b (5)
with a, b = x, y, z, where σ0 = q4τ/(8pi2) is the coeffi-
cient for the type-I Weyl node with velocity v = 1 [11] and
fxx(α, β) =β
2 3α
8 − 7α6 + 25α4 + 255α2 + 60
240α2
,
(6a)
fxz(α, β) =β
4−2α6 + 5α4 + 5
120α2
, (6b)
fzx(α, β) =
−2α8 + 11α6 − 25α4 + 65α2 + 15
120α2
, (6c)
fzz(α, β) =β
2α
6 − 5α4 + 15α2 + 5
30
, (6d)
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FIG. 2. (Color online) Dispersion of the Hamiltonian HD for
m = 1/4 and p0 = 1. The two crossings at pz = ±1 are the Weyl
nodes.
when α < 1 and
fxx(α, β) =β
2 8α
1 + 13
15α
, (7a)
fxz(α, β) =β
4 1
15α
, (7b)
fzx(α, β) =
α3 + 7α
15
, (7c)
fzz(α, β) =β
2 α
15
, (7d)
when α > 1. The results for y is the same as x, due to
the rotational symmetry about z axis. Similar to the type-I
WSM, the current proportional to EB2 increase with µ−2
as it approaches the Weyl node. Although the Weyl node
consists only a small part of the Fermi surface in lattice
models, this divergent behavior is expected to survive as
we discussed in the previous section. We confirm this in
the next section. It is interesting that the above result seems
to imply the MR is related to the Weyl node even in the
semiclassical regime where the chiral anomaly argument
in the quantum limit [38, 39] does not directly apply.
Another interesting feature is the dependence of the cur-
rent to the tilting; figure 1(b) plot Eqs. (6a)-(6d). While
the current along z axis remains to be in a similar order to
that of the type-I WSM, the current along x increase di-
vergently with increasing tilting, possibly be more than an
order of magnitude larger than that of the type-I.
Dipolar Model — We next test whether the singular
response for the type-II Weyl Hamiltonian survives in a
model with closed Fermi surfaces, at least when µ is close
to the Weyl nodes. As an example, we here consider a
model with two Weyl nodes which we call dipolar model:
HD = pxσ
x + pyσ
y + (p2z − p20)σz +
p2
2m
σ0, (8)
where p2 ≡ p2x+p2y+p2z . The band structure of this model
along px = py = 0 line is shown in Fig. 2. This model has
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FIG. 3. (Color online) Nonlinear conductance for the longitudinal
magnetoresistance (J(2)b )
a = σaaaB
2
aEa. (a) Chemical potential
µ dependence of σxxx/2σ0 and σzzz/2σ0 calculated numerically.
(b) The fitting of the numerical results (dots) with 1/(δµ)2 (δµ ≡
µ− µW , µW = 2). The fitted functions are shown by solid lines.
All results are for m = 1/4 and p0 = 1.
two Weyl nodes each located at p = (0, 0,±p0) with the
energy µW = p20/(2m). The nodes are of type-I when
m > 1/2 and become type-II for |m| < 1/2; in the rest,
we focus on the case 0 < m < 1/2. The band plotted in
Fig. 2 is for m = 1/4 and p0 = 1.
To investigate the MR inHD, we numerically calculated
the O(EB2) current, i.e., (J (2)B )a = σbbaB2bEa, using
Eq. (1). The results for σxxx and σzzz are shown in Fig.
3(a); in this model, σyyy become the same as σxxx due to
the rotational symmetry about z axis. Both results for σxxx
and σzzz shows a divergence at µW = 2 where the chem-
ical potential crosses the Weyl nodes, and the conductivity
decays as µ moves away from the nodes. The conductiv-
ity for x is about an order of magnitude larger than that of
z axis, consistent with the above argument on the type-II
Weyl Hamiltonian.
Figure. 3(b) shows the fitting of σaaa (a = x, z) for
µ > 2 to a function h(µ) = 2Cσ0/(µ − µW )2, where
C is a constant. The results for both a = x and z show a
good fit close to µW = 2 with C = 8.422 and C = 1.136
4for σxxx and σzzz, respectively; the fitting were done for
data with 0 < δµ < 0.1 where δµ ≡ µ − µW . These
numbers of C are in good accordance with the analytic re-
sults for the Weyl Hamiltonian in Eq. (4). By expanding
the model in Eq. (8) around the Weyl point, we find the
effective Hamiltonian around the Weyl nodes correspond
to Eq. (4) with v⊥ = 1, vz = ±2k0, and v0 = ±p0/m.
Substituting these relations to Eqs. (6a) and (6d), we ob-
tain v30fxx(vz/v0) ' 8.348 and v30fzz(vz/v0) ' 1.127,
in good agreement with the fitting for the numerical re-
sults of model in Eq. (8). The results implies that when µ
is sufficiently close to the Weyl nodes (δµ . 0.1 in the
case of Fig. 3), the contribution to the magnetoresistance is
dominated by the contribution from the Weyl nodes. As a
consequence, the longitudinal MR shows a singular struc-
ture though the system is a metal with only a part of the
Fermi surface has the Weyl fermion features. Also, as im-
plied from Eq. (6a), σxxx for the model in Eq. (8) is about
an order of magnitude larger than that expected in a type-I
WSMs with the same velocity, σaaa = σ0/δµ2 [11].
Magnetoresistance in Candidate Materials — The above
arguments also implies an estimate of the longitudinal MR
ratio may be possible just from the effective Weyl Hamilto-
nian at the node. To investigate this possibility, we estimate
the MR ratio of WTe2; as both ohmic and the anomaly-
related current are linearly proportional to the relaxation
time, the MR ratio is independent of τ in the semiclassi-
cal limit. Using the Drude formula for the Ohmic current
σ = τe2n/m∗, the ratio of conductivity reads
χab =
σab
σ
=
m∗e2v0
8pi2n~
fab(v⊥/v0, vz/v0)B
2
b . (9)
Here, we explicitly wrote Planck constant ~, which was as-
sumed ~ = 1 in the above sections. The effective Weyl
Hamiltonian for WTe2 was recently given in Ref. [31]
which finds two quartets of Weyl nodes (W1 and W2),
each node in the quartet related by the crystal symmetry; to
make an order estimate, we use v0 = 2.8 eVA˚, v⊥ = 0.5
eVA˚, and vz = 0.2 eVA˚ for W1 and v0 = 1.4 eVA˚,
v⊥ = 0.5 eVA˚, and vz = 0.2 eVA˚ for W2. The car-
rier density n ∼ 1019 cm−3 [40–42] and effective mass
m∗ ∼ 0.15me [43], where me is the free electron mass
is taken from the experiment. Assuming the chemical
potential µ ∼ 10meV away from the Weyl nodes, we
find the largest contribution comes from χxx ∼ 10−3B2;
this is roughly consistent with recent experiments which
finds ∼ 0.1% MR ratio with the magnetic field of order
B ∼ 1T [44, 45].
Regarding the singular structure in the µ dependence,
magnetic WSMs [4, 16, 46] might be a potentially useful
setup. Unlike the non-centrosymmetric WSMs, controlla-
bility of the existance and the position of the Weyl nodes
in magnetic WSM is a potential advantage for studying µ
dependence by moving the Weyl nodes instead of control-
ling µ. As an example, we here focus on the Weyl nodes in
EuTiO3 [4]; we here focus on the pair located close to the Γ
point. Using the model used in Ref. [4] and σ ∼ 102S/cm,
we find χxx ∼ 10−5B2; the smaller ratio comes from
smaller velocity (Roughly, the conductivity is proportional
to the cubic of velocity.). Interestingly, in our calculation,
the conductivity along z axis become relatively large under
the magnetic field along x axis σxxz = 10−4B2. This is an
opposite trend to that in the isotropic Weyl nodes; in this
case, σxxz is an order of magnitude smaller than σxxx [30].
Linear Magneto-conductivity — In a recent work, it was
pointed out that the tilting of Weyl cone gives rise to a lon-
gitudinal MR which is linearly proportional to the magnetic
field [9]. Using the same procedure with Eq. (1), we find
the semiclassical formula for linear MR reads
J
(1)
B = q
2τ
∑
α=±
∫
dp3
(2pi)3
Wpα(E · vpα)(f0pα)′
− q2τ
∑
α=±
∫
dp3
(2pi)3
(B ·E)(bpα · vpα)vpα(f0pα)′.
(10)
In general, this term vanish in a system with time-reversal
symmetry. This is shown from the fact that in the time-
reversal symmetric systems, εpα = −εpα, bpα = −bpα,
and vpα = −vpα. This is a manifestation of Onsager’s
reciprocal theorem which states σaa(B) = σaa(−B),
where Ja = σaa(B)Ea; the Weyl Hamiltonian without
tilting happens to possess the above property of εpα, bpα,
and vpα. Therefore, the current in Eq. (10) vanish if no
tilting exists. Similarly, in a time-reversal symmetric WSM
with tilting, the current in Eq. (10) cancels between differ-
ent nodes. Indeed, a recent semiclassical calculation con-
sidering time-reversal symmetric WSM finds only MR that
is proportional to B2 [34]. Therefore, the linear MR is a
consequene of time-reversal symmetry breaking. Also, as
a = 2 and η = 1, no singular structure is expected from
the p→ 0 limit.
Discussion — To summarize, in this work, we in-
vestigated the anomaly-related magnetoresistance in met-
als with type-II Weyl nodes, focusing on the current of
O(EB2). Using a semiclassical transport theory, we find
that the anomaly-related current shows a singular structure
when the chemical potential is close to the Weyl nodes. We
further show that the dominant contribution to the magne-
toresistance comes from the Weyl nodes; this is related to
the fact that the current is given by the integral over the
square of the Berry curvature. In addition, the analysis
for the type-II Weyl Hamiltonian shows that the tilting en-
hances the negative magnetoresistance, sometimes by more
than an order of magnitude compared to the type-I Weyl
nodes. The above results imply that the magnetoresistance
in type-II Weyl semimetals, when the Fermi level is close
to the node, is directly related to the Weyl nodes despite the
large Fermi surface which most of the surface is not related
to Weyl physics. Experimentally, this feature may allow es-
timating the magnitude of the anomaly-related current only
from the effective Weyl Hamiltonian.
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